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Abstract 

A *-ring R is strongly J-*-clean provided that for any a ^ R, there exists a projection e G i? 
such that a — e e J{R) and ae — ea. We prove, in this article, that a *-ring R is strongly 
J-*-clean, if and only if R is strongly *-clean ring and R/J{R) is Boolean, if and only if R 
is uniquely clean and for any a £ R, a ^ a* G J{R), if and only if for any a G R, there exists 
a unique projection e G i? such that a — e G U{R) and ae ~ ea, if and only if for any a € R, 
there exists a unique projection e E R such that a — e G J{R). For any *-ideal I of R, it is 
shown that R is strongly J-*-clean if and only if R is abclian, every idempotent lifts modulo 
/ and R/I is strongly J-^-clean. As consequences, many characterizations of such *-rings 
are obtained. 
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1 Introduction 

Let R be an associative ring with identity. A ring R is strongly clean provided that for any 
a (z R, there exists an idempotent e G R such that a — e G U {R) and ae = ea ( [21 [3l |TT] ) . A ring 
R is strongly J -clean provided that for any a G R, there exists an idempotent e G R such that 
a — e G J{R) and ae = ea ([4J). A ring R is uniquely clean provided that for any a G R, there 
exists a unique idempotent e G R such that a — e G U{R) (O [71 [T^l US])- A ring R is uniquely 
strongly clean provided that for any a G R, there exists a unique idempotent e G R such that 
a — e G U{R) and ae = ea ([H [151 E])- As is well known, {uniquely clean rings} ^ {uniquely 
strongly clean rings} ^ {strongly J-clean rings} ^ {strongly clean rings}. For more references 
on strongly cleanness, we refer the reader to [6l lllj . 

An involution of a ring R is just an anti-automorphism whose square is the identity map 
1r. Thus an involution of a ring R is an operation * : R ^ R such that (x + y)* = x* + y*, 
{xy)* = y*x* and (x*)* = x for all x,y G R. A ring R with involution * is called a *-ring. An 
element e in a *-ring R is called a projection if e^ = e = e* (cf. [Ij). Parallel to the preceding 
strongly clean rings, strongly *-clean rings are studied recently. A *-ring R is strongly *- clean 
if each of its elements is the sum of a unit and a projection that commute with each other 
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( \10\ [T^ ) . Our motivation is to consider uniquely strongly cleanness and strongly J-cleanness 
for *-rings. Surprisingly, we will observe that these ones coincide with each other for *-rings. 

We say that a *-ring is strongly J-*- clean provided that for any a (z R, there exists a 
projection e (z R such that a — e € JiR) and ae = ea. We will investigate the behaving of 
involutions and get the relations among strongly *-cleanness, uniquely cleanness and strongly 
J-*-cleanness. Here it is proved that a *-ring R is strongly J-*-clean, if and only if R is strongly 
*-clean ring and R/J{R) is Boolean, if and only if R is uniquely clean and for any a (z R, 
a — a* (z J{R), if and only if for any a G R, there exists a unique projection e £ R such that 
a — e € U{R) and ae = ea, if and only if for any a £ R, there exists a unique projection e (z R 
such that a — e £ J{R). For any *-ideal I of R which is contained in J{R), it is shown that 
R is strongly J-*-clean if and only if R is abelian, every idempotent lifts modulo I and R/I 
is strongly J-*-clean. As consequences, various structure properties and examples of such new 
class of *-rings are obtained. 

Throughout, all rings are associative with identity. We use U{R) to denote the set of all 
invertible elements in R. J{R) stands for the Jacobson radical of R. 



2 Strongly *- Clean Rings 

A *-ring R is said to be J-*-clean provided that for any a £ R there exists a projection e G i? 
such that a — e E J{R). The purpose of this section is to characterize strongly J-*-clean rings 
by means of strongly *-cleanness. We begin with the following elementary result. 

Proposition 2.1 Let R be a *-ring. Then the following are equivalent: 

(1) R is strongly J-*-clean. 

(2) R is abelian and R is J-*-clean. 

(3) R is strongly J-clean and strongly *-clean. 

Proof (1) (3) Clearly, R is strongly J-clean. For any a € R, there exists a projection e G R 
such that u := a — e (z J{R) and ae = ea. Then a = (1 — e) + (2e — 1 + u). Clearly, 1 — e £ R is 
a projection. As (2e — 1)^ = 1, we see that 2e — 1 + u € U{R). Thus, R is strongly *-clean. 

(3) =^ (2) Since R is strongly *-clean, it follows from [101 Theorem 2.2] that R is abelian and 
every idempotent is a projection. Therefore R is J-*-clean. 

(2) =^ (1) is obvious. □ 



Example 2.2 (1) Let the ring R = 1^2® ^2- Define a : R ^ R by a{x,y) = {y,x). Consider 

a b 
a 



the ring T2{R,a) = {(^ ^j|a, fee i?} with the following operations: 




a + c b + d \ I a b \ I c d \ I ac ad + ba{c) 
a + c/'\Oa/\Oc/~io ac 



2 



Then J{T2{R, a)) = { ^ J j | & G i?} and it is nilpotent. In addition, T2{R, a)/J{T2{R, a)) ^ 
R is Boolean. Define * : R ^ R hv i 1 =1 | . As o"^ = Id, we check eas- 

^ yo a J yo a J 

ily that * is an involution of T2(R,a). Since, for any a,b ^ R, i ^ ^ ) is a projection and 

\ a I 

€ J(T2(i?, fj)), T2{R, a) is a J-*-clean ring but it is not strongly J-*-clean 



a b \ a 
a J ~ i a 



/ (0,1) (0,0) \ . 
since , , , s IS not central. 
V (0,0) (0,1) J 

(2) Let R = Z(3) be the localization, and * = 1/j, the identical automorphism of R. Since 
R is local, it is strongly *-clean but not strongly J-*-clean because R/J{R) is not Boolean, for 
example (f )2 - f ^ J{R) = 3R. 

. Then i? is a strongly J-cIean ring, but R cannot be strongly 

^2 y 

J-*-clean for any involution * on R. 

(4) Let i? = { ( ° ^ ) \ a,b,ce Z2}. Then R is a commutative ring with the following 



c a 



operations: 



a b \ a' b' \ _ a + a' b + b' \ 

\ c a j [ c' a' j ~ [ c + c' a + a' j ' 

( a b \ ( a' h' \ _ ( aa! ab' + ha' \ 

\ c a I \ c' a' I \ ca' + a(^ aa' J 

Define * : R Rhy i | = ''l - Then is a *-ring and the projections of R are 

\ c a I \ b a I 

,1., . . A, r/^00\/'0l\/'0l\/'00\-, 

the zero and the identity matrices. Also J LK = < \ , , , \ >. 

^ ^ ' ^'ooi'lioilooilio'^ 



Hence R is a strongly J-*-clean ring. 



Let be a *-ring, and let C{R) = {a ^ R \ ax = xa for any x € R}. Then C{R) is a subring 
of R. It is easy to check that * : C{R) C{R) is also an anti-automorphism. Thus, C{R) is a 
*-ring. 

Corollary 2.3 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) C{R) is J-*-clean; 

(2) R = C{R) + J{R). 

Proof Suppose that R is strongly J-*-clean. Then R is strongly *-clean by Proposition 12.11 
Thus, every projection in R is central from |10^ Theorem 2.2]. For any a G C{R), there exist a 
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projection e G i? and an element u € J{R) such that a = e + u. Hence, e € C{R) is a projection. 
This imphes that u G J(ii) n C{R) C j(C(i?)). As a result, C{R) is J-*-clean. On the other 
hand, it follows from Proposition 12. II that R is abelian strongly J-clean. In view of [6, Corollary 
16.4.16], R uniquely clean. According to [12, Proposition 25], R = C{R) + J{R). 

Conversely, assume that (1) and (2) hold. For any idempotent e £ R, there exist some 
b € C{R) and c € J{R) such that e = b + c. As C{R) is J-*-clean, we can find a projection 
/ G C{R) and a u; G j(C(i?)) such that b = f + w. Hence, e = / + + c), and so e — f = w + c. 
Obviously, (e - /)(l - (e - = 0. On the other hand, (e - ff G J{C{R)) + J(i?), and so 
1 — (e — Z)'^ G U{R). Therefore e = /, i.e., every idempotent in ii is a projection. For any 
a G R, write a = s + t, s € C{R),t G J{R). We have a projection g & R such that s = + u 
with u G J(C(-R)). This shows that a = + (t + u), and so R is J-*-clean. According to [W\ 
Lemma 2.1] and Proposition 12. H we complete the proof. □ 

According to [5^, Theorem 2.1], a ring R is uniquely clean if and only if R is an abelian 
exchange ring and R/M = TL^ for all maximal ideals M of R. We can derive an analogue for 
strongly J-*-clean rings. 

Theorem 2.4 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) R is strongly *- clean ring; 

(2) R/M = 7Li for all maximal ideals M of R. 

Proof Suppose that R is strongly J-*-clean. Then R is an abelian strongly J-clean ring by 
Proposition 12. 11 Thus, R is uniquely clean from [61 Corollary 16.4.16]. Therefore R/M = Z2 for 
all maximal ideals M of i? by O Theorem 2.1]. 

Conversely, assume that (1) and (2) hold. Then every idempotent in ii is a projection. 
Further, R is an abelian exchange ring. According to [Sj Theorem 2.1], R is uniquely clean, and 
so R is strongly J-clean. Therefore R is strongly J-*-clean by Proposition 12. 1[ □ 

Corollary 2.5 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) R is strongly *- clean ring; 

(2) For all maximal ideal M of R, 1 is not the sum of two units in R/M. 

Proof One direction is obvious. Conversely, assume that (1) and (2) hold. Let M be a maximal 
ideal of R. Clearly, R/M is an abelian exchange ring; hence, R/M is an exchange ring with 
artinian primitive factors. As R/M is simple, J{R/M) = 0. Let / G R/M be an idempotent. 
Then {R/M) f {R/M) = or R/M, and so / = or T. This means that R/M is indecomposable. 
Therefore R/M is simple artinian. Thus, R/M = Mn{D), where Z? is a division ring. As every 
idempotent in R/M is central, we deduce that n = 1, and so R/M = D. If \D\ > 3, then we 
can find a set {0, 1, x} C D, where x 7^ 0, 1. This shows that 1 — x G U{R/M), a contradiction. 
Therefore R/M = TL^- According to Theorem 12.41 we complete the proof. □ 

Theorem 2.6 Let R be a *-ring. Then the following are equivalent: 
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(1) R is a strongly J-*- clean ring. 

(2) R/J{R) is Boolean and R is strongly *-clean. 

Proof (1) =^ (2) In view of Proposition 12.11 R is strongly *-clean and R is strongly J-clean. 
By virtue of [6l Proposition 16.4.15], R/J{R) is Boolean. 

(2) =^ (1) As R is strongly *-clean, it is strongly clean. According to [6l Proposition 16.4.15], 
R is strongly J-clean. In light of Proposition 12.11 i? is a strongly J-*-clean ring. □ 

Corollary 2.7 Let R be a *-ring. Then R is a strongly J-*-clean ring if and only if 

(1) R is a strongly *- clean ring; 

(2) Every nonzero idempotent in R is not the sum of two units. 

Proof Suppose that i? is a strongly J-*-clean ring. By virtue of Theorem 12.61 i? is a strongly 
*-clean ring, and R/J{R) is Boolean. Let ^ e € .R be an idempotent. li e = u + v for some 
u,v e U{R). Then e = u + v in R/J{R). As n = = T, we see that 2 - e G J{R). In light 
of [H Proposition 3.1], 2 G J{R)'-, hence, e € J{R). This implies that e = 0, a contradiction. 
Therefore every nonzero idempotent in R is not the sum of two units. 

Conversely, assume that (1) and (2) hold. Then R is an exchange ring. According to [9l 
Theorem 13], R/J{R) is Boolean. Therefore we complete the proof from Theorem 12. 6i □ 

Recall that a ring R is local if R has only one maximal right ideal. As is well known, a ring 
R is local if and only if a + 6 = 1 in i? implies that either a or 6 is invertible. 

Corollary 2.8 Let R be a local *-ring. Then the following are equivalent: 

(1) R is strongly J-*-clean. 

(2) R is strongly J-clean. 

(3) R is uniquely clean. 



(5) 1 is not the sum of two units in R. 
Proof Since i? is a local *-ring, R is strongly *-clean. Therefore the result follows from 



A *-ring R is called *-regular if R is (von Neumann) regular and the involution is proper, 
equivalently for every x in R there exists a projection p such that xR = pR (see [1]). 

Corollary 2.9 Let R be a *-regular ring. Then R is strongly J-*-clean if and only if R is 
Boolean. 



(4) 



R/J{R) ^Z2. 



Proposition 12. H Theorem 12. 4| Theorem 12.61 and 




□ 
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Proof Suppose that R is Boolean. Then R/J{R) is Boolean. For any idempotent e R, there 
exists a projection p such that eR = pR. As R has stable range one, we have a unit u ^ R such 
that e = pu. Clearly, u = 1, and so e = p. This implies that R is strongly *-clean. According to 
Theorem 12.61 R is strongly J-*-clean. 

Conversely, assume that R is strongly J-*-clean. Then R/ J{R) is Boolean by Theorem 12. 6i 
But R is regular, and so J{R) = 0. Therefore R is Boolean. □ 



3 Structure Theorems 

We can characterize strongly J-*-clean rings by means of uniquely cleanness as follows. 

Theorem 3.1 Let R he a *-ring. Then the following are equivalent: 

(1) R is strongly J-*-clean. 

(2) R is uniquely clean and for any a £ R, a — a* £ J{R). 

(3) R is uniquely clean and for any a £ R, a + a* £ J{R). 

Proof (1) =^ (2) In view of Proposition 12.11 ^ is an abelian strongly J-clean ring, and so 
it is uniquely clean. For any a £ R, there exist a projection e £ R and an element u £ J{R) 
such that a = e + u,ae = ea. Thus, a* = e* + u*. As (J(i?))* C J{R), we see that a — a* = 
{e - e*) + {u - u*) £ J{R). 

(2) =^ (3) Since R is uniquely clean, it follows from \12\ Lemma 18], 2 £ J{R). For any 
idempotent e in R, e-e* £ J. Since (e - e*)^ = e - e* we have that (e - e*)(l - (e - e*)^) = 0. 
Hence, e = e* , i.e. every idempotent is a projection. For any a £ R, there exist a projection 
e £ R and an element u £ J{R) such that a = e + u, ae = ea (see [12, Theorem 20]). Thus, 
a* = e* + u*. As a result, we deduce that a + a* = (e + e*) + (u + u*) = 2e + {u + u*) £ J{R). 

(3) =^ (1) In view of [U Corollary 16.4.16], R is abelian strongly J-clean. For any idempotent 
e£R,e + e*£ J{R). Thus, (e - e*)(e + e*f = e - e*; hence, (e - e*) (l - (e + e*f) = 0. This 
implies that e = e*, i.e., every idempotent is a projection. Hence, R is strongly J-*-clean. □ 

Let i? be a *-ring. Then * induces an involution of the power series ring ii[[x]], denoted by *, 

oo oo 

where ( ^ a^x*) = Yl o-iX^- Likewise, * induces an involution of i?[[x]]/(x") (n > 1), denoted 

i=0 1=0 

n— 1 n— 1 

by *, where ( ^ a^x*)* = ^ 

1=0 i=0 

Corollary 3.2 Let R be a *-ring. Then the following are equivalent: 

(1) R is a strongly J-*-clean ring. 

(2) i?[[x]] is a strongly J-*-clean ring. 

(3) ii[[x]]/(x^) is a strongly J-*-clean ring. 

(4) ii[[x]]/(x") is a strongly J-*-clean ring for all n >2. 
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Proof (1) ^ (2) Since R is strongly J-*-clean, is strongly *-clean by [10, Corollary 

2.10]. is also strongly J-clean by [6l Example 16.4.17]. Hence -R[[x]] is strongly J-*-clean 

by Proposition 12.11 

(2) =^ (4) In view of Theorem 13.11 i?[[a;]] is uniquely clean, and then so is i?[[2;]]/(x") 

n-1 

by [13 Theorem 22]. Obviously, S := R[[x]]/{x'') = { OjX* | ao,-- - , a„„i € = 0}. 

i=0 

For any / G S", it follows from Theorem O that /(O) - (/(O))* G J{R), and so / - /* = 

n-1 

/(O) - (/(O))* + Yl bix' G J(5). By using Theorem O again, R[[x]]/{x"') is a strongly J-*- 

1=1 

clean ring. 

(4) =^ (3) is trivial. 

(3) ^ (1) Let S = R[[x]]/{x'^). Then 5 = {a + 6x | a, 6 G = 0}. For any a + bx £ S, 
there exists a projection e + fx G S such that (a + 6x)(e + fx) = (e + fx){a + hx) and 
(a + 5x) — (e + fx) G ^(5"). This implies that e G i? is a projection, ae = ea and a — e G J{R). 
Therefore is a strongly J-*-clean ring. □ 

Let Rhe a *-ring. Then i? is a strongly J-*-clean ring if and only if i?[x]/(x^) is a strongly 
J-*-clean ring. Obviously, R[x]/{x^) ^ R[[x]]/{x^), and we are done. 

Theorem 3.3 Let R be a *-ring. Then the following are equivalent: 

(1) R is strongly J-*-clean. 

(2) R is uniquely clean and R is strongly *-clean. 

(3) For any a £ R, there exists a unique projection e G i? such that a — e G U{R) and ae = ea. 

(4) For any a G R, there exists a unique projection e G R such that a — e G J{R). 

Proof (1) => (2) is clear from Theorem 13.11 and Proposition 12.11 

(2) (3) For any a G -R, it follows from |12| Theorem 20] that there exists a unique 
idempotent e £ R such that a — e G J{R). Since R is strongly *-clean, e is a central projection. 
Therefore there exists a unique projection e £ R such that a — e G U{R) and ae = ea. 

(3) ^ (1) Clearly, R is strongly *-clean. In light of \10\ Theorem 2.2], R is abelian and 
every idempotent in i? is a projection. Thus, R is uniquely clean. Let a £ R. According to 
|12l Theorem 20], there exists an idempotent e £ R such that a — e £ J{R). Thus, we have a 
projection e £ R such that a — e £ J{R) and ae = ea. Therefore R is strongly J-*-clean. 

(1) ^ (4) is trivial. 

(4) =^ (1) For any idempotent e in R, there exists a projection g £ R such that e — g £ J{R). 
Thus, e* - g £ J{R). Therefore e - e* = {e - g) - {e* - g) £ J{R). Clearly, there exists a 
projection h £ R such that 2 = h + w where w £ J{R). Thus, 1 — h = —1 + w £ U{R). 
Hence 1 — h = 1, and so /i = 0. This implies that 2 G J{R). As a result, we deduce that 
e + e* = (e-e*) + 2e* G J{R). 

Set z = 1 + (e - e*)*{e - e*). Write t = z'^. Since z* = z, t* = t. Also e*z = e*ee* = ze*, 
and so e*t = te*, and et = te. Set / = e*et = te*e. Then /* = f, f'^ = e*ete*et = e*ee*{tet) = 
e*ztet = e*et = f , fe = f and ef = ee*et = ezt = e. Now e = / + (e — /) and e — / = e — e*et = 
ee*et-e*et = {e-e*)e*et £ J{R). Here f = f* = In addition, / = e*e[l + {e* -e){e-e*)]'K 
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Set z' = l + (e*-e)*(e*-e). Write i' = {z')-^ Since {z')* = z', (f)* = t'. Also ez' = ee*e = 
z'e. Set /' = ee*t' = t'ee*. As in the preceding proof, we see that /' = (/')^ = (/')* ^^'^ — /'> 
/'e = e. In addition, e-/' = fe-f = t'ee*{e-e*) € J{R) where/' = [l + (e-e*)(e* -e)]-^ee*. 

Thus we get e = / + (e — /) = /' + (e — /') with e — f, e — f G ./(-R) , / and /' are projections. 
By the uniqueness, we get e*e[l + (e* — e)(e-e*)]~^ = [l + (e — e*)(e* -e)]~^ee*. This shows that 
[l + (e-e*)(e* -e)]e*e = ee*[H- (e* - e)(e - e*)]. Obviously, (e - e*)(e* - e)e*e = -e*e + e*ee*e 
and ee*(e* — e)(e — e*) = —ee* + ee*ee*. Consequently, e*ee*e = ee*ee*. One easily checks that 
(e - e*)3 - (e - e*) = -ee*e + e*ee* and [(e - e*)^ - (e - e*)](e + e*) = (e - e*)^ - (e - e*). 
Thus (e - e*)((e - e*)^ - l)((e + e*) - 1) = 0. As e - e*, e + e* E J{R), we derive that e = e*. 
Therefore every idempotent is a projection, and so R is abelian by [lOj Lemma 2.1], and the 
result follows. □ 

We note that the unique projection in (3) or (4) of Theorem 13.31 can not be replaced by the 
unique idempotent even for a commutative *-ring as the following example shows: 



the usual matrix addition and multiplication. In fact, R is Boolean, and so, for any a R, there 
exists a unique idempotent e & R such that a — e € U{R) (or, a — e £ J{R)) and oe = ea. But 
R is not strongly J-*-clean, even not a *-clean ring. 

Theorem 3.5 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) R is strongly *- clean; 

(2) J{R) = {x£R \ 1 - X G U{R)}. 

Proof Suppose that R is strongly J-*-clean. By virtue of Theorem 13.11 R is uniquely clean. 
Obviously, J{R) C{xeR\l-xe U{R)}. Suppose that 1 - x G U{R). If x J{R), then 

7^ xR ^ J{R). In view of |121 Lemma 17], there exists an idempotent 7^ e G xR. Write 
e = xr for an r G i?. Then e = (exe)(ere) as every idempotent in R is central. It is easy to see 
that R is directly finite. Thus, exe G U{eRe). In view of [121 Corollary 5], eRe is uniquely clean. 
Clearly, + exe = e + e(x — l)e. The uniqueness implies that = e, a contradiction. Therefore 
X G JiR), and so {x G i? I X - 1 G U{R)} C J{R). Thus, J{R) = {x G i? [ 1 - x G U{R)}. 

Conversely, assume that (1) and (2) hold. Let a (z R. Then we can find a projection e (z R 
such that (a - 1) - e G U{R) and e(a - 1) = (a - l)e. That is, (1 - a) + e G U{R). As 

1 — {a — e) £ U (i?), by hypothesis, a — e G J{R). In addition, ea = ae. Therefore R is strongly 
J-*-clean. □ 

Corollary 3.6 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) R is strongly *- clean; 

(2) For any a e R, a + a* e JiR); 



„e 3.. «),(-),(-),(»;) 



} where 0, 1 G Z2. De- 




Then i? is a commutative *-ring with 



8 



(3) J{R) = {x G I 1 + xx* G U{R)}. 



Proof Suppose that R is strongly J-*-clean. By virtue of Proposition 12.11 and Theorem 13.11 
is a strongly *-clean ring with 2 G J[R). For any x G i?, it follows from Theorem 13.11 that 
x + x* J{R). If 1 + XX* G U{R), then {1 + x){l + x*) = 1 + x + x* + xx* G U{R). This implies 
that 1 + x G -R is right invertible. Similarly, 1 + x G ii is left invertible. In view of Theorem 13.51 
-X G J{R), and so x G J{R). This shows that J{R) = {x G -R | 1 + xx* G U{R)}. 

Conversely, assume that (1), (2) and (3) hold. If 1 + x G U{R), then 1 + x* G U{R); hence, 
(1 + x)(l + X*) G U{R). As X + X* G J{R), we see that 1 + xx* G U{R). This implies that 
X G J{R), and so — x G J{R). As a result, J{R) = {xGi?|l — xG U{R)}. According to 
Theorem 13.51 t^is result follows. □ 

Corollary 3.7 Let R be a *-ring. Then R is strongly J-*-clean if and only if 

(1) R is strongly *- clean; 

(2) 2 G J{R); 

(3) U{R/J{R)) is torsion. 

Proof If R is strongly J-*-clean, then R is strongly *-clean and 2 G J{R). In addition, R/ J{R) 
is Boolean. Thus, U (^R/ J{R)) = {1} is torsion. 

Conversely, assume that (1), (2) and (3) hold. Assume that 1 — x G U{R). Then 1 — x G 
U [R/ J{R)) . By hypothesis, there exists some n G N such that (1 — x)" = 1, and so (1 — x)^" = 
1. As 2 G J{R), we see that x^" G J{R). Clearly, R is an abelian exchange ring, and then so 
is R/J{R). In view of |13i Lemma 4.10], R/J{R) is reduced, i.e. it has no nonzero nilpotent 
elements, and so x G J{R). This implies that J{R) = {xGi?| 1 — xG U{R)}. According to 
Theorem 13.51 R is strongly J-*-clean. □ 



Lemma 3.8 Let R he a *-ring. Then R is strongly J-*-clean if and only if for any a £ R, there 
exists a unique idempotent e € R such that a — e £ U{R),ae = eo, ae* = e*a and e — e* G J{R). 

Proof Suppose that R is strongly J-*-clean. Then there exists a projection f £ R such 
that a - f G U{R),af = fa,af* = f*a and / - /* = G J{R) by Theorem EH Assume 
that there exists an idempotent e G R such that u := a — e G U{R),ae = ea,ae* = e*a 
and e — e* G J{R). Let p = 1 + {e* — e)*(e* — e). As ae = ea,ae* = e*a, we see that 
ap = pa. Clearly, p G U{R). Write q = p~^. Then p* = p, and so q* = q. Further, ep = 
e(l - e - e* + ee* + e*e) = ee*e = (1 - e - e* + ee* + e*e)e = pe. Thus, we see that eq = qe 
and e*q = qe*. Set g = ee*q. Then g^ = ee*qee*q = qee*ee*q = qpee*q = ee*q = g. In 
addition, g* = q*ee* = ee*q = g, i.e., g G R is a, projection. As aq = qa, we see that 
ag = ga. One easy checks that eg = g and ge = ee*qe = ee*eq = epq = e. This implies that 
e—g = e—ee*p~^ = e[e{e* —e)* —l){e* —e)p~^ G J(-R), and so e— g+u G U{R). By the uniqueness 
in Theorem 13.31 we see that g = f. This implies that (e — /)^ = {e — g)"^ = e — eg — ge + g = 0. 
In view of Proposition 12.11 R is abelian, and so (e — f)^ = e — f; hence, e = f. Therefore there 
exists a unique idempotent e G R such that a — e G U{R),ae = ea, ae* = e*a and e — e* G J{R). 
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Conversely, let a (z R. Then there exists an idempotent e £ R such that u := a — e € 
U{R),ae = ea,ae* = e*a and e — e* G J{R). As in the preceding discussion, we can find a 
unique projection f £ R such that a — f £ U (R) such that af = fa, and therefore the result 
follows by Theorem 13.31 □ 

We say that an ideal / of a *-ring i? is a *-ideal provided that /* C /. If / is a *-ideal of a 
*-ring, it is easy to check that R/I is also a *-ring. 

Theorem 3.9 Let I be a *-ideal of a *-ring R. If I Q J{R), then R is strongly J-*-clean if and 
only if 

(1) R/I is strongly J-*-clean; 

(2) R is abelian; 

(3) Every idempotent lifts modulo I. 

Proof Suppose R is strongly J-*-clean. Then R is an abelian exchange ring, and so every 
idempotent lifts modulo I. For any a £ R, there exist a projection e € i? and a unit u £ R such 
that a = e + u; hence, a = e + u in R/I. Assume that there exist a projection / E R/I and a unit 
V S R/I such that a = f+v. Then, we can find an idempotent g £ R such that / = g+r for some 
r £ I. Hence, a = g + {v + r + t) for some t £ J{R). Obviously, g — g* = f — r — f* + r*£ J{R). 
As ag = ga, ag* = g*a and v + r + t £ U (R), it follows from Lemma [3 . 8 1 that g = e, and so / = e 
in R/I. Therefore R/I is strongly J-*-clean by Theorem 13.31 

Conversely, assume that (1), (2) and (3) hold. For any a £ R, it follows from Theorem 13.31 
that there exist a projection e £ R/I and a unit u £ R/I such that a = e + u. As e — e"^ £ I, 
by hypothesis, there exists an idempotent f £ R such that e — f £ I . Since every unit lifts 
modulo /, we may assume that u £ U{R). Thus, a = f + u + r for some r £ I. Set v = u + r. 
Then a = f + v with f = f'^ £ R,v £ U{R). As R is abelian, af = fa and af* = f*a. 
Further, f — f* = e — e* = (mod /) and so f — f* £ J{R). Suppose that a = g + w with 
g = g'^ £ R,w £ U{R), ag = ga, ag* = g*a and g — g* £ J{R). Then a = 'g + w in R/I. Clearly, 
R/I is uniquely clean, and so f — g £ I Q J{R). As fg = gf , we see that (/ — gY = f — 9, and 
so f = g. In light of Lemma 13.81 R is strongly J-*-clean. □ 

Let P{R) be the intersection of all prime ideals of R, i.e., P{R) is the prime radical of R. 
Recall that a £ R is strongly nilpotent if for every sequence oq, oi, • • • ,ai, - ■ ■ such that oq = a 
and aij^i £ aiRai, there exists an n with a„ = 0. As is well known, the prime radical P{R) is 
the set of all strongly nilpotent elements in R. 

Corollary 3.10 A *-ring R is strongly J-*-clean if and only if R is abelian and R/P{R) is 
strongly J-*-clean. 

Proof Let a £ P{R)- For every sequence oq, ai, • • • , Oj, • • • such that oq = a* and Oj+i £ a^Rai, 
we get a sequence aQ,a\,--- , a|, • • • such that Og = a and a*j^i £ a*Ra*. As a £ R is strongly 
nilpotent, we can find some n such that a* = 0, and so On = 0. This implies that a* is strongly 
nilpotent; hence, a* £ P{R)- We infer that P{R) is a *-ideal. As every idempotent lifts modulo 
P{R), we complete the proof by Theorem 13.91 □ 
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In [TU], Li and Zhou proved that a *-rmg R is strongly *-clean if and only if R/J{R) is 
strongly *-clean, every projection is central and every projection lifts to a projection modulo 
J{R). Analogous to the preceding discussion, we easily extend Li and Zhou's result as follows: 
A *-ring R is strongly *-clean if and only if R/J{R) is strongly *-clean; R is abelian and every 
idempotent lifts modulo J{R). 

4 Extensions 

By applying the preceding results, we will consider extensions of strongly J-*-clean rings. Let 
i? be a *-ring, and let R[i] = {a + hi \ a,b (z R,i^ = —1}. Then R[i\ is also a *-ring by defining 
* : a + hi^ a* + h*i. 

Lemma 4.1 Let R he a ring with 2 G J{R). Then U{R[i]) = {a + hi \ a + h e U{R)}. 

Proof Assume that {a-\-hi){c+di) = 1. Then ac—bd = 1 and ad+bc = 0. Thus, {a+b)[c+d) = 
ac + bd + ad + bc = {ac - bd) + 2hd = I + 2bd G U{R). This implies that a + b £ R is right 
invertible. As a result, we show that U(^R[ifj ^{a + bi\a + b£U (R)}. 

Assume that a + 6 G U{R). Then a - b = {a + b) - 2b £ U{R). Clearly, a{a - 6)"^a = 
{a - b + b){a - b)-\a - b + b) = (l + 6(a - (a - 6 + 6) = a + b + b{a - b)~^b. Therefore 
a{a - 5)"^a(a + 6)"^ - b{a - byH{a + 6)^^ = 1. Likewise, b{a - b)~^a - a{a - by^b = 0. It is 
easy to check that 

(a + bi){a - b)-^{a - bi){a + 6)"^ 
= (a(a - b)-^a{a + b)'^ + b{a - b)-^b{a + b)-^) + (6(a - b)-^a - a{a - b)-^b)i 
= l + 2b{a-b)-^b{a + b)-^ 
G U{R). 

Thus, a + 6i G R[i\ is right invertible. Analogously, (a — b)^'^{a — bi){a + b)^^{a + bi) G U{R). 
Therefore a + bi £ f7(i?[i]), as required. □ 

Theorem 4.2 Let R he a *-ring. Then R[i] is strongly J-*-clean if and only if so is R. 

Proof Suppose that R[i] is strongly J-*-clean. Then 2 G J{R). Further, every idempotent in 
R[i] is a projection, and so is central. Let a £ R. Then we can find a projection e + fi £ R[i] 
and a u + vi £ j[R[i]) such that a = {e + fi) + {u + vi) and a{e + fi) = {e + fi)a. Thus, a = e + u 
and ae = ea. As e + fi £ R[{\ is an idempotent, e G ii is central. Since (e + fi)* = e + fi, we 
see that e* = e. From e + fi = (e + /i)^, we get — = e and 2ef = /. This implies that 
(2e — 1)/ = 0, and then / = 0. Hence, e G is a projection. It is easy to verify that u £ J{R), 
and therefore R is strongly J-*-clean. 

Conversely, assume that R is strongly J-*-clean. Then R is an abelian exchange ring. In 
addition, every idempotent in it! is a projection and 2 G J{R). Let a + bi £ R[i]. By hypothesis, 
there exist projections e, f £ R and u,v £ J{R) such that a = e + u,b = f + v,ae = ea, bf = fb. 
Thus, a + bi = {e + f) + {u- f + {f + v)i) . Clearly, (e + f)^ - (e + /) = 2ef £ J{R). As every 
idempotent lifts modulo J{R), we can find an idempotent g £ R such that e + f = g + r where 
r G J{R). Thus, a + bi = g + {r + u — f + {f + v)i) where g = g^ = g* and (a + bi)g = g{a + bi). 
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Write X = r + u — f and y = f + v. Then x + y = r + u + v^ J{R). For any c + G R[i]-, 
we see that 1 — (x + yi){c + di) = (1 — xc + yd) — [xd + yc)i. As (1 — xc + yd) — (xd + yc) = 
(1 - xc - yd) - (xd + yc) + 2yd = 1 - (x + y)(c + d) + 2yd G C/(ii). In light of Lemma WA\ 
1 — (x + yi)(c + di) ^ U {R[i]) , and so x + yi S j[R[i]) . Therefore R[i] is strongly J-*-clean, as 
asserted. □ 

Let i? be a *-ring and G be a group. Then * induces an involution of the group ring RG, 
denoted by *, where (J^g^gd)* ~ J2g'^g9~^ (^^^ [El Lemma 2.12]). A group G is called locally 
finite if every finitely generated subgroup of G is finite. A group G is a 2-group if the order of 
each element of G is a power of 2. 

Theorem 4.3 Let R be a *-ring, and let G be a locally finite group. Then RG is a strongly 
J-*-clean ring if and only if R is a strongly J-*-clean ring and G is a 2-group. 

Proof Suppose that -RG is strongly J-*-clean. Then it is uniquely clean. By virtue of [71 
Theorem 12], R is uniquely clean and G is a 2-group. In view of Theorem 13. 1|, 2 E J{RG), and 
so 2 G J{R). In addition, every idempotent in RG is central, and so every idempotent in R is 
central in R. According to [3 Lemma 11], every idempotent in RG is in R. Therefore every 
idempotent in is a projection. According to Theorem 13.31 R is strongly J-*-clean. 

Conversely, assume that R is a strongly J-*-clean ring and G is a 2-group. By virtue of [3 
Theorem 13], RG is uniquely clean. As R is strongly J-*-clean, we see that 2 G J{R). Further, 
every idempotent in R is central. According to [71 Lemma 11], every idempotent in RG is in 
R. Therefore every idempotent in RG is a projection. By using Proposition 12.11 is strongly 
J-*-clean. □ 

Corollary 4.4 Let R be a *-ring, and let G be a solvable group. Then RG is a strongly J-*-clean 
ring if and only if R is a strongly J-*-clean ring and G is a 2-group. 

Proof Suppose that RG is strongly J-*-clean. Then it is uniquely clean. By virtue of [3 
Theorem 13], R is uniquely clean and G is a 2-group. As in the preceding discussion, we see 
that R is strongly J-*-clean. 

Conversely, assume that i? is a strongly J-*-clean ring and G is a 2-group. Analogously 
to the consideration in [7, Theorem 13], G is locally finite, and then the result follows from 
Theorem 14. 3i □ 



Example 4.5 Let i? be a Boolean ring and let G be a locally finite 2-group which is not abelian. 
Let * be the identical automorphism of R. Then Ris a. *-ring and in view of Theorem 14.31 RG 
is a strongly J-*-clean ring which is not commutative. 

References 

[1] S.K. Berberian, Baer Rings and Baer *-Rings, U.S. Copyright Office, 1998. 

[2] G. Borooah, A.J. Diesl and T.J. Dorsey, Strongly clean triangular matrix rings over local 
rings, J. Algebra, 312 (2007), 773-797. 



12 



[3] G. Borooah, A.J. Diesl and T.J. Dorsey, Strongly clean matrix rings over commutative local 
rings, J. Pure Appl. Algebra, 212 (2008), 281-296. 

[4] H. Chen, On strongly J-clean rings, Comm. Algebra, 38 (2010), 3790-3804. 

[5] H. Chen, On uniquely clean rings. Comm. Algebra, 39 (2011), 189-198. 

[6] H. Chen, Rings Related Stable Range Conditions, Series in Algebra 11, World Scientific, 
Hackensack, NJ., 2011. 

[7] J. Chen, W.K. Nicholson and Y. Zhou, Group rings in which every element is uniquely the 
sum of a unit and an idempotent, J. Algebra, 306 (2006) 453-460. 

[8] J. Chen, Z. Wang and Y. Zhou, Rings in which elements are uniquely the sum of an 
idempotent and a unit that commute, J. Pure Appl. Algebra, 213(2009), 215-223. 

[9] T.K. Lee and Y. Zhou, A class of exchange rings, Glasgow Math. J., 50 (2008), 509-522. 

[10] C. Li and Y. Zhou, On strongly *-clean rings, J. Algebra Appl., 10 (2011), 1363-1370. 

[11] W.K. Nicholson, Clean rings: a survey. Advances in Ring Theory, World Sci. Publ., Hack- 
ensack, NJ, 2005, 181-198. 

[12] W.K. Nicholson and Y. Zhou, Rings in which elements are uniquely the sum of an idempo- 
tent and a unit, Glasgow Math. J., 46 (2004), 227-236. 

[13] J. Stock, On rings whose projective modules have the exchange property, J. Algebra, 103 
(1986), 437-453. 

[14] L. Vas, *-Clean rings; some clean and almost clean Baer *-rings and von Neumann algebras, 
J. Algebra, 324 (2010), 3388-3400. 

[15] X. Wang, Uniquely strongly clean group rings. Comm. Math. Research, 28 (2012), 17-25. 

[16] K.N. Rajeswari and R. Aziz, Certain units in M2(Z) which are uniquely clean. Research J. 
Pure Algebra, 1 (2011), 58-70. 

[17] X. Yang, A survey of strongly clean rings. Acta Appl. Math., 108 (2009), 157-173. 



13 



